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INTEGRABLE MODULES FOR TWISTED TOROIDAL
EXTENDED AFFINE LIE ALGEBRAS
S. ESWARA RAO, SACHIN S. SHARMA AND PUNITA BATRA
Abstract. In this paper we classify the irreducible integrable modules
for the twisted toroidal extended affine Lie algebras (twisted toroidal
EALA, in short) with finite dimensional weight spaces when the finite
dimensional center acts non-trivially. Using an automorphism we re-
duce to the case where K0 acts non-trivially and Ki, 1 ≤ i ≤ n act
trivially. Twisted toroidal EALA has natural triangular decomposition
and we prove that any irreducible integrable module of it with finite
dimensional weight spaces is a highest weight module with respect to
the above triangular decomposition. The highest weight space is an irre-
ducible module for the zeroth component of the twisted toroidal EALA.
We then describe the highest weight space in detail.
MSC: 17B67,17B66
KEY WORDS: Divergence zero vector fields, Lie torus, Extended
affine Lie algebras.
1. Introduction
Extended affine Lie algebras (EALAs, for short) are natural generaliza-
tion of affine Kac-Moody algebras; finite dimensional simple Lie algebra,
extended toroidal Lie algebras are examples of EALAs. They first appeared
in the work of Saito and Slodowy on elliptic singularities and in the paper of
physicists Høegh and Torresani in 1990. Later mathematicians like Allison,
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Azam, Berman, Gao, Pianzola, Neher and Yoshii systematically developed
the theory of EALAs (see [1, 21, 24], and references therein). Unlike affine
Kac-Moody algebras, EALAs may have infinite dimensional centers. So
representation theory of EALA’s is still in progress.
Let L(
◦
g) =
◦
g⊗An is a loop algebra, where
◦
g is a finite dimensional sim-
ple Lie algebra over C and An is a commutative Laurent polynomial ring
of n variables. Let L(
◦
g) ⊕ ΩAn/dAn be universal central extension of L(
◦
g)
(note that the center is infinite dimensional for n ≥ 2). These are called
toroidal Lie algebras (TLA, in short) and they have been extensively studied
[11, 13]. Let Der(An) be the Lie algebra of darivations on An and consider
the full toroidal Lie algebra (FTLA, in short) L(
◦
g)⊕ ΩAn/dAn ⊕ Der(An).
Representation of FTLA also have been studied [14]. Neither TLA nor
FTLA are EALA as they do not admit non-degenerate symmetric invari-
ant bilinear form. To rectify this one considers subalgebra Sn of Der(An)
consisting of divergence zero vector fields (see Section 2 for more details).
Then the Lie algebra τdiv = L(
◦
g)⊕ΩAn/dAn⊕Sn is called toroidal extended
affine Lie algebras. These are in fact EALAs. In [3] Billig constructed ir-
reducible representation of toroidal EALAs using vertex operator algebras.
In [4] Billig and Lau constructed irreducible modules for twisted toroidal
EALAs. In [9, 10], full classification of irreducible integrable modules with
finite dimensional weight spaces of toroidal EALA for n = 2 was obtained.
In this paper we assume n ≥ 3 and classify irreducible integrable modules
for toroidal EALAs where center acts non-trivially (see definition in Section
2). Actually we consider more general EALAs. We consider commutating
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finite order automorphisms σ0, . . . , σn of
◦
g and consider the multi-loop alge-
bra
⊕
(k0,k)∈Zn+1
◦
g(k¯0, k¯)t
k0
0 t
k. We assume that multi-loop algebra is a Lie
torus (see Section 2 for definition). This is not a very serious assumption as
it is well known that centerless cores of almost all EALAs are Lie tori [1].
We then consider universal central extension of multi-loop algebra and add
Sn+1 the Lie algebra consisting of divergence zero vector fields on An+1 (see
Section 2 for details). The resulting Lie algebra is EALA called as twised
toroidal EALA, and we denote it by T . The aim of this paper is to clas-
sify all irreducible integrable representation of twisted toroidal EALAs with
finite dimensional weight spaces where center acts non-trivially.
The proof of our classification problem runs parallel to [2] where they
consider full twisted TLA. Our twisted toroidal EALA is a proper subalgebra
of full twisted EALA. Since we working with smaller algebra some of the
results used in [2] won’t work here. So we use differnt techniques; notably
results from [5] and [15] are very special for divergence zero vector fields.
We now explain our plan of classification result in more detail. In Section
2 we start with basic definitions which leads up to the definition of twisted
toroidal EALA T . In Section 3 we define root space decomposition and
using it define a natural triangular decomposition T = T − ⊕ T 0 ⊕ T +. We
fix an irreducible integrable module V of T with finite dimensional weight
spaces where K0 acts non-trivially and Ki act trivially for 1 ≤ i ≤ n. This
assumption is due to the fact that group GL(n+1,Z) acts as automorphism
on FTLA and leaves τdiv invariant. Then using earlier work of [2] it follows
that the space M = {v ∈ V |T +v = 0} is a non-zero T 0 irreducible module.
The rest of the paper revolves aroundM as we try to decode the structure of
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M . The T 0-module M has natural Zn gradation and using integrality and
Weyl group invariance of weights of V , we prove the dimensions of graded
pieces of M are uniformly bounded. Using this we prove that ΩA(m)/dA(m)
acts trivially on M(Propostion 3.8). Then we prove proposition 3.10 which
encodes the action subspace
∑
r∈Γ
CtrK0 ⊕
∑
r∈Γ
Ctrd0 of T
0. We would like
to emphasize the fact unlike [2] where the corresponding results come by
earlier works of authors, we need completely different techinque to prove
Proposition 3.10. For its proof hinges on results from [15] (Theorem 3.9 in
our paper) and [8]. By Propsition 3.10 it follows that M ∼= M1 ⊗ A(m)
for some space M1. Then for some suitable subspace W of M , we consider
V˜ = M/W . Here W and V˜ are not T 0- modules but modules for some
suitable Lie algebra I (see Sections 3 and 4 for details ). It follows from
the work of [2] that V˜ is completely reducible I-module with isomorphic
irreducible components. In Section 4, using results of [22] and[5] we classify
all the finite dimensional irreducible modules for I. Finally in Section 5 by
going up procedure we define module for T 0, which contains an isomorphic
copy of M and we conclude with the final result Theorem 5.1.
2.
Let An+1 = C[t
±1
0 , · · · , t
±1
n ] be a Laurent polynomial ring in n + 1 vari-
ables. L(
◦
g) =
◦
g ⊗ An+1 be the corresponding loop algebra,
◦
g is a finite di-
mensional simple Lie algebra over C with a Cartan subalgebra
◦
h. Let ΩAn+1
be a vector space spanned by the symbols tk00 t
kKi, 0 ≤ i ≤ n, k0 ∈ Z, k ∈ Z
n.
Let dAn+1 be the subspace spanned by
∑n
i=0 kit
k0
0 t
kKi. It is well known that
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L˜(
◦
g) = L(
◦
g)⊕ ΩAn+1/dAn+1 is the universal central extension of L(
◦
g) with
the following brackets:
[X(k0, k), Y (l0, l)] = [X,Y ](l0 + k0, l + k) + (X|Y )
∑n
i=0 kit
l0+k0
0 t
l+kKi,
where X(k0, k) = X ⊗ t
k0
0 t
k. Recall the Lie algebra of derivations of An+1,
Der(An+1) with basis {di, t
r0
0 t
rdi|0 ≤ i ≤ n, 0 6= (r0, r) ∈ Z
n+1}. Der(An+1)
acts on ΩAn+1/dAn+1 by
tp00 t
pda(t
q0
0 t
qKb) = qat
p0+q0
0 t
p+qKb + δab
∑n
c=0 pct
p0+q0
0 t
p+qKc.
There are two non-trivial 2-cocycle of Der(An+1) with values in ΩAn+1/dAn+1:
φ1(t
p0
0 t
pda, t
q0
0 t
qdb) = −qapb
∑n
c=0 pct
p0+q0
0 t
p+qKc,
φ1(t
p0
0 t
pda, t
q0
0 t
qdb) = −paqb
∑n
c=0 pct
p0+q0
0 t
p+qKc. Let φ be any linear
combination of φ1 and φ2. Then τ = L(
◦
g) ⊕ ΩAn+1/dAn+1 ⊕ Der(An+1)
is a Lie algebra with the following brackets and called as full toroidal Lie
algebra (FTLA, for short):
[tp00 t
pda,X(q0, q)] = qaX(p0 + q0, p + q),
[tp00 t
pda, t
q0
0 t
qKb] = qat
p0+q0
0 t
p+qKb + δab
n∑
c=0
pct
p0+q0
0 t
p+qKc,
[tp00 t
pda, t
q0
0 t
qdb] = qat
p0+q0
0 t
p+q − pbt
p0+q0
0 t
p+q + φ(tp00 t
pda, t
q0
0 t
qdb).
Now consider the subalgebra of divergence zero vector fields Sn+1 of Der(An+1).
One can define Sn+1 = {D(u, r)|(u|r) = 0, u ∈ C
n+1, r ∈ Zn+1}.
Now consider the subalgebra τdiv = L(
◦
g) ⊕ ΩAn+1/dAn+1 ⊕ Sn+1 of τ .
It is well known that unlike τ , τdiv possesses a non-degenerate symmetric,
invariant bilinear form and is called as toroidal extended affine Lie algebra.
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The form is defined as follows:
(
X ⊗ tr|Y ⊗ ts
)
= δr,−s(X|Y ),X, Y ∈
◦
g, r, s ∈ Zn+1;(
n∑
c=0
act
rdc|t
sKd
)
= δr,−sad.
All other brackets of bilinear form are zero. Now let g1 be any arbitrary
finite dimensional simple Lie algebra C with a Cartan subalgebra h1. Let
∆(g1, h1) = supph1(g1). Then ∆
×
1 = ∆
×(g1, h1) = ∆(g1, h1)\{0} is an
irreducible reduced finite root system with at most two root lengths. Let
∆×1,sh denote the non zero short roots of ∆1. Define
∆×1,en =

∆×1 ∪ 2∆
×
1,sh if ∆1
× = Bl type
∆×1 otherwise.
We need the following definition:
Definition 2.1. A finite dimensional g1-module V is said to satisfy condi-
tion (M) if V is irreducible with dimension greater than 1 and weights of V
relative to h1 are contained in ∆
×
1,en.
Now recall that
◦
g is a finite dimensional simple Lie algebra with a Cartan
subalgebra
◦
h and let σ0, σ1, · · · , σn be the commuting automorphism of
◦
g
of order m0,m1, · · · ,mn respectively. Let m = (m1, . . . ,mn) ∈ Z
n . Define
Γ0 = m0Z and Γ = m1Z⊕· · ·⊕mnZ. Let Λ0 := Z/Γ0 and Λ := Z
n/Γ. Then
we have
◦
g =
⊕
(k¯0,k¯)
◦
g(k¯0, k¯), where (k¯0, k¯) = (k¯0, k¯1 . . . , k¯n) ∈ Γ0 ⊕ Γ , and
◦
g(k¯0, k¯) = {X ∈
◦
g|σi(X) = ξ
ki
i X, 0 ≤ i ≤ n}, where ξi are mi-th primitive
root of unity for i = 0 . . . , n.
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Definition 2.2. A multiloop algebra
⊕
(k0,k)∈Zn+1
◦
g(k¯0, k¯)t
k0
0 t
k is called a
Lie torus LT if
(1)
◦
g(0¯, 0¯) is a finite dimensional simple Lie algebra.
(2) For (k¯0, k¯) 6= (0, 0) and g(k¯0, k¯) 6= 0, g(k¯0, k¯) ∼= U(k¯0, k¯)⊕W (k¯0, k¯),
where U(k¯0, k¯) is trivial as g(0¯, 0¯)-module and eitherW (k¯0, k¯) is zero
or satisfy the condition (M).
(3) The order of the group generated by σi, 0 ≤ i ≤ n is equal to the
product of orders of each σi, for 0 ≤ i ≤ n.
Let
◦
h(0) denote a Cartan subalgebra of
◦
g(0¯, 0¯). Then by [20] Lemma 3.1.3,
◦
h(0) is ad-diagonalizable on
◦
g and ∆× = ∆×(
◦
g,
◦
h(0)) is an irreducible finite
root system in
◦
h(0) (Proposition 3.3.5, [20]). Let ∆0 := ∆(
◦
g(0¯, 0¯),
◦
h(0))
One of the main properties of Lie tori is that ∆ := ∆(g,
◦
h(0)) = ∆0,en
(Proposition 3.2.5, [1]). Let A(m) = C[t±m11 , . . . , t
±mn
n ] and A(m0,m) =
C[t±m00 , t
±m1
1 , . . . , t
±mn
n ] and Sn+1(m0,m) = {D(u, r) | (u|r) = 0, u ∈ C
n+1, r ∈
Γ0 ⊕ Γ}. The Lie algebra T = LT
⊕
ΩA(m0,m)/dA(m0,m)
⊕
Sn+1(m0,m) is
called twisted toroidal extended affine Lie algebra . The purpose of this
paper is to classify the irreducible integrable modules of twisted toroidal
EALAs.
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Automorphism: Let B = (bij) ∈ GL(n + 1, Z) and B
−1 = (cij), then
the following is an automorphism φB on τ by:
φB(X ⊗ t
(k0,k)) = X ⊗ t(k0,k)B
t
,
φB(t
(k0,k)Ki) =
n∑
p=0
bipt
(k0,k)Bt ,
φB(t
(k0,K)dj) =
n∑
p=0
cjpt
(k0,k)Bt .
It is easy to check that φB is an automorphism on τ . Now as for u ∈
C
n+1, r ∈ Zn+1 such that (u|r) = 0, φBD(u, r) = D(uB
−1, rBt) and as
(uB−1|rBt) = (u|rBtB−1
t
) = 0. So Sn+1 is invariant under φB . Hence φB
leaves τdiv invariant. So up to an automorphism we can assume that the
central element K0 acts as C0 ∈ Z>0 and Ki’s as 0 for 1 ≤ i ≤ n.
3.
In this section we will do root decomposition of T . Let H =
◦
h(0) ⊕
n∑
i=0
CKi ⊕
n∑
i=0
Cdi will be our Cartan subalgebra for the root decomposition
of T . Define δi, ωi ∈ H
∗ for 0 ≤ i ≤ n by δi(
◦
h(0)) = 0, δi(Kj) = 0, δi(dj) =
δij and ωi(
◦
h(0)) = 0, ωi(Kj) = δij , ωi(dj) = 0. Let us denote δk =
n∑
i=1
kiδi
for k ∈ Zn. Define
◦
g(k¯0, k¯, α) := {x ∈
◦
g(k¯0, k¯)|[h, x] = α(h)x, ∀ h ∈
◦
h(0)}.
Then we have T =
⊕
β∈∆
Tβ, where ∆ ⊆ {α+ k0δ0 + δk|α ∈ ∆0,en, k0 ∈ Z, k ∈
Z
n}. We have Tα+k0δ0+δk =
◦
g(k¯0, k¯, α) ⊗ t
k0
0 t
k for α 6= 0, and Tk0δ0+δk =
◦
g(k¯0, k¯, 0)⊗t
k0
0 t
k⊕
n⊕
i=0
Ctk00 t
kKi ⊕
n⊕
i=0
Ctk00 t
kdi for k0δ0+δk 6= 0 and T0 = H.
In order to define a non-degenerate form on H∗ we first extend α ∈
◦
h(0)∗
to H by defining α(Ki) = α(di) = 0, ∀ 0 ≤ i ≤ n. Then (
◦
h(0)|Ki) =
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(
◦
h(0)|di), (δk + δk0 |δl + δl0) = (ωi|ωj) = (δk, δl) = 0 and (δi|ωj) = δij , and
form on
◦
h(0) is restriction of the form of
◦
g. It is easy to see that this form is
non-degenerate on H∗. A root β = α+ k0δ0+ δk is called real root if α 6= 0.
Let ∆re denote the set of all real roots, and β∨ = α∨ + 2(α|α)
n∑
i=0
kiKi is co-
root of β, where α∨ is co-root of α ∈ ∆0,en. Then β(β
∨) = α(α∨) = 2. For
any real root γ of T , define the reflection rγ on H
∗ by rγ(λ) = λ−λ(γ
∨)γ for
λ ∈ H∗. Let Weyl group W of T be the group generated by rγ , ∀ γ ∈ ∆
re.
Now we define the category of integrable modules for T .
Definition 3.1. A T -module V is called integrable if
(1) V =
⊕
λ∈H∗
Vλ, where Vλ = {v ∈ V | h.v = λ(h)v ∀ h ∈ H} and
dim(Vλ) <∞.
(2) All the real root vectors act locally nilpotently on V , i.e.,
◦
g(k¯0, k¯, α)⊗
tk00 t
k acts locally nilpotently on V for all 0 6= α ∈ ∆0,en.
We have the following :
Proposition 3.2. Let V be an irreducible integrable module for T . Then
(1) P (V ) = {γ ∈ H∗|Vγ 6= 0} is W - invariant.
(2) dim(Vγ) = dim(Vwγ), ∀ w ∈W .
(3) If λ ∈ P (V ) and γ ∈ ∆re, then λ(γ∨) ∈ Z.
(4) If λ ∈ P (V ) and γ ∈ ∆re, and λ(γ∨) > 0, then λ− γ ∈ P (V ).
(5) For λ ∈ P (V ), λ(Ki) is an integer independent of λ.
3.1. Now rest of this paper we will work with irreducible integrable repre-
sentation V of T with central element K0 acts as C0 ∈ Z>0 and rest of Ki’s
act trivially for 1 ≤ i ≤ n. We now define an order on H∗. Let for λ ∈ H∗,
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λ′ denote the restriction of λ to
◦
h(0)∗ and for a given λ′ ∈
◦
h(0)∗, extend it
to H∗ by defining λ′(Ki) = 0 and λ
′(di) = 0 for 0 ≤ i ≤ n. Then we have
unique expression for λ = λ′ +
n∑
i=0
λ(Ki)ωi +
n∑
i=0
λ(di)δi and for λ ∈ P (V )
we have λ = λ′ + λ(K0)ω0 + λ(d0)δ0 +
n∑
i=1
λ(di)δi. So for λ ∈ P (V ), we
write λ = λ¯ +
n∑
i=i
λ(di)δi, where λ¯ = λ
′ + λ(K0)ω0 + λ(d0)δ0. Let β0 be
a maximal root in ∆0,en. Define α0 = −β0 + δ0, which may not be a root
T . Let α1, . . . , αq be simple roots of ∆(
◦
g(0¯, 0¯),
◦
h(0)) and define the lattice
Q+ =
q⊕
i=0
Nαi. Let for Λ, λ ∈ H
∗, we define an ordering on H by λ ≤ Λ if
Λ − λ ∈ Q+. It is easy to see that for Λ ≤ λ, Λ(di) = λ(di) for 1 ≤ i ≤ n.
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Consider the natural triangular decomposition of T :
LT+ =
⊕
α+k0δ0>0, k∈Zn
g(k¯0, k¯, α)⊗ t
k0
0 t
k;
LT− =
⊕
α+k0δ0<0, k∈Zn
g(k¯0, k¯, α)⊗ t
k0
0 t
k;
LT 0 =
⊕
k∈Zn
g(0¯, k¯, 0) ⊗ tk;
S+n+1(m0,m) ={D(u, r) |u ∈ C
n+1, r ∈ Γ0 ⊕ Γ, (u|r) = 0, r0 > 0};
S−n+1(m0,m) ={D(u, r) |u ∈ C
n+1, r ∈ Γ0 ⊕ Γ, (u|r) = 0, r0 < 0};
S0n+1(m0,m) ={D(u, r) |u ∈ C
n+1, r ∈ Γ0 ⊕ Γ, (u|r) = 0, r0 = 0};
Z+ =
⊕
0≤i≤n
0<s0∈Γ0,s∈Γ
Cts00 t
sKi;
Z− =
⊕
0≤i≤n
0>s0∈Γ0,s∈Γ
Cts00 t
sKi;
Z0 =
⊕
0≤i≤n,s∈Γ
CtsKi.
Let T + = LT+ ⊕ Z+ ⊕ S+n+1(m0,m), T
− = LT− ⊕ Z− ⊕ S−n+1(m0,m) and
T 0 = LT 0 ⊕ Z0 ⊕ S0n+1(m0,m). Then T = T
− ⊕ T 0 ⊕ T + is a trigular
decomposition of T . We have the following
Theorem 3.3. The space M = {v ∈ V | T +v = 0} is non-zero.
Proof. It will suffice to show the existence of Λ ∈ P (V ) such that Λ+β+δk /∈
P (V ) for any root β + δk ∈ P (V ) with β > 0 and k ∈ Z
n. The proof is
similar to the proof of Theorem 5.2 of [2]. 
It follows that M is a irreducible T 0-module and U(T −)M = V . Note
that M is Zn-graded as di ∈ S
0
n+1(m0,m). We identify S
0
n+1(m0,m) with
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Sn(m) ⊕
∑
r∈Γ
trd0, where Sn(m) = {D(u, r) : u ∈ C
n, r ∈ Γ, (u|r) = 0}. So
we identify T 0 with LT 0 ⊕ Sn(m)⊕
∑
r∈Γ
Ctrd0 ⊕ Z
0.
Now we will prove that weight spaces of M are uniformly bounded and
{tsKi|s ∈ Γ, 1 ≤ i ≤ n} acts trivially onM . For this let us fix an i, 1 ≤ i ≤ n
and consider the loop algebra
◦
g(0¯, 0¯)⊗C[tmii , t
−mi
i ]⊕di. Let θ be the highest
root of
◦
g(0¯, 0¯) and θ∨ be the coroot. Now as
◦
h(0) acts as scalar on M , let
λ ∈
◦
h(0)∗ such that h(v) = λ(h)v,∀h ∈
◦
h(0),∀v ∈ M , here λ is restriction
of Λ of Theorem 3.3 to
◦
h(0). Now consider the lattice M = γ(Z[
◦
W (θ∨)]),
where
◦
W denote the finite Weyl group of
◦
g(0¯, 0¯) and γ :
◦
h(0) 7→
◦
h(0)∗ is
an isomorphism. Consider the element ti,h(λ) = λ − λ(h)δi, where h ∈
Z[
◦
W (θ∨)]. Note that λ(Ki) = 0. Now as ti,h1ti,h2 = ti,h1+h2 , we can identify
the group generated by {ti,h : h ∈ Z[
◦
W (θ∨)]} with M. Let rλ = min{λ(h) :
h ∈ Z[
◦
W (θ∨)], λ(h) > 0}.
Lemma 3.4. Consider λ + rδi, r ∈ Z. Then there exists w ∈ M such that
w(λ+ rδi) = λ+ s¯δi, for 0 ≤ s¯ < rλ.
Proof. See 2.4 of [7]. 
Now consider the Lie algebra
◦˜
h(A(m)) =
◦
h(0)⊗A(m)
⊕
ΩA(m)/d(A(m)).
Let W˜ be the Weyl group of the corresponding FTLA
◦
g(0¯, 0¯)⊗A(m)
⊕
ΩA(m)/d(A(m))
⊕
Der(A(m)).
As before consider the loop subalgebra
◦
g(0¯, 0¯)⊗C[tmii , t
−mi
i ]⊕di of the FTLA.
By the discussion above we have ti,hλ = λ− λ(h)δi an element of W˜i ⊆ W˜ ,
where W˜i denote the corresponding Weyl group of
◦
g(0¯, 0¯)⊗C[tmii , t
−mi
i ]⊕di.
Then for si ∈ Z and λ + siδi = λ + kiδi + rimiδi, where si = ki + rimi,
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0 ≤ ki < mi. Then by the Lemma 3.4 we get wi ∈ W˜ such that wi(λ+siδi) =
λ+ kiδi + s¯iδi, where 0 ≤ ki < mi and 0 ≤ s¯i < rλ.
Corollary 3.5. Let δr =
∑n
i=1 riδi, where r = (r1, . . . , rn) ∈ Z
n. Let
ri = ki+ simi, 0 ≤ ki < mi. Then there exists w ∈ W˜ such that w(λ+ δr) =
δk +
∑n
i=1 s¯imiδi + λ, where 0 ≤ s¯i < rλ.
Now considerM =
⊕
k∈Zn Mk. Let M
′ = {Ml : l ∈ Z
n, li = ki+mis¯i, 0 ≤
ki < mi, 0 ≤ s¯i < rλ, 1 ≤ i ≤ n}. Then clearly M
′ is a finite set. Let
N = Max dim{Ts : Ts ∈M
′}.
Proposition 3.6. The dimensions of the weight spaces of M are uniformly
bounded by N .
Proof. Follows from Corollary 3.5. 
Proposition 3.7. There are only finitely many
◦˜
h(A(m))-submodules of M .
Proof. Any such module S is generated by vectors ofM , which can be taken
from the generators of M ′ by corollary 3.5. 
Now as number of
◦˜
h(A(m))-modules are finite consider minimal such mod-
ule say Smin. Clearly Smin is an irreducible
◦˜
h(A(m))-module and consider
(U(
◦
g(0¯, 0¯))⊕ΩA(m)/dA(m))Smin which is an integrable module with top part
irreducible as
◦˜
h(A(m))-module. Now consider the irreducible quotient of
above module. Notice that top part goes injectively to the quotient. It
follows by [11] Remark 5.5 that ΩA(m)/dA(m) acts trivially on Smin. Now
consider M¯ = {v ∈M |ΩA(m)/dA(m)v = 0}. Then it is easy to see that M¯ is
a T 0-module. But this forces M = M¯ by irreducibility of M as T 0-module
and we have the following:
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Proposition 3.8. ΩA(m)/dA(m) acts trivially on M .
Using above we further identify T 0 as the Lie algebra L = LT 0⊕Sn(m)⊕∑
r∈Γ
Ctrd0 ⊕
∑
r∈Γ
CtrK0. Then M is an irreducible L-module.
3.2. Let for k ∈ Zn with k = (k1, . . . , kn), define M
′
0 =
⊕
0≤ki<mi
Mk, and
M ′r =
⊕
ri≤ki<mi+ri
Mk. Then M = ⊕r∈ΓM
′
r is Γ-graded. We have the
following from [15].
Theorem 3.9. Consider L-irreducible module M with Γ grading. Then
either tsK0 acts injectively on M for all 0 6= s ∈ Γ or t
sK0 acts trivially on
M for all 0 6= s ∈ Γ.
Proof. For D(u, r) ∈ Sn(m), we have [D(u, r), t
sK0] = (u|s)t
r+sK0. As
in our case n ≥ 2, for s ∈ Γ, s 6= 0, we can always find u ∈ Cn+1 and
r ∈ Zn+1 with r0 = 0, such that (u|r) = 0, and (u|s) 6= 0. Now using
the same argument as Proposition 3.4 of [15] we get the result. Note that
the additional spaces LT0 and
∑
r∈ΓCt
rd0 don’t create any problem as they
commute with tsK0. 
Proposition 3.10. Let r, s ∈ Γ, k ∈ Zn and 0 6= v ∈M . Then
(a) trK0v 6= 0 for all r ∈ Γ.
(b) trK0t
sK0 = λr,st
r+sK0 on M , where λr,s = λ for all r 6= 0, s 6=
0, r + s 6= 0, λr,−r = µ for all r 6= 0 and λ0,r = C0 for all r ∈ Γ.
Further we have µC0 = λ
2 6= 0.
(c) dim Mk = dim Mk+r = pk ∀r ∈ Γ. Suppose v1(k), . . . , vpk(k) is a
basis for Mk, where 0 ≤ ki < mi. Let vi(k+s) =
1
λ
vi(k), ∀i, ∀s 6= 0.
Then v1(k + s), · · · , vpk(k + s) is a basis for Mk+s.
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(d) For 0 6= r ∈ Γ, trK0(v1(k + s), · · · , vpk(k + s)) = λ(v1(k + s +
r), · · · , vpk(k + s+ r)).
(e) Recall that
◦
g(0¯, 0¯) is a simple Lie algebra of fixed points with
◦
h(0)
be its Cartan subalgebra with α∨1 , . . . , α
∨
l be its simple co-roots. There
exists α ∈
◦
h(0)∗ such that h(r)(v1(k+s), · · · , vpk(k+s)) = α(h)(v1(k+
s+ r), · · · , vpk(k + s+ r)), ∀r 6= 0; α(α
∨
i ) = 0 iff λ(α
∨
i ) = 0.
(f) trd0(v1(k+ s), · · · , vpk(k+ s)) = Λd(v1(k+ s+ r), · · · , vpk(k+ s+ r))
for all 0 6= r ∈ Γ, k ∈ Zn,Λd ∈ C and d0(v(k)) = Λ(d0)v(k).
Proof. Let us assume that tsK0 = 0 on M for all 0 6= s ∈ Γ. Then consider
the highest root θ of
◦
g(0¯, 0¯) and xθ and x−θ be elements of
◦
g(0¯, 0¯)θ and
◦
g(0¯, 0¯)−θ such that 〈xθ, x−θ〉 = 1. Then it is easy to see that x−θ ⊗ t0 and
xθ⊗t
−1
0 and hθ+K0 form a sl2 copy. Consider the Lie algebra sl2⊗C[t1, t
−1
1 ]
with bracket: [(x−θ ⊗ t0) ⊗ t
r1
1 , (xθ ⊗ t
−1
0 ) ⊗ t
s1
1 ] = (−hθ + K0) ⊗ t
r1+s1
1 =
−hθ ⊗ t
r1+s1
1 +K0 ⊗ t
r1+s1
1 .
Now let us look at the bracket in our setting [x−θ ⊗ t0t
r1
1 , xθ ⊗ t
−1
0 t
s1
1 ] =
−hθ⊗ t
r1+s1
1 + t
r1+s1
1 K0+ r1t
r1+s1
1 K1. But as r1t
r1+s1
1 K1 acts trivially on V ,
we identify K0⊗ t
r1+s1
1 with t
r1+s1
1 K0. Now as V is an integrable T module
for T in particular for L(sl2) = sl2 ⊗ C[t1, t
−1
1 ] and every element of M is
highest weight vector for L(sl2). Now following the notations in [8]: for any
positive root β of
◦
g(0¯, 0¯), Λ±β (u) =
∑∞
m=0 Λβ,±mu
m = exp
(
−
∑∞
k=1
hβ,±k
k
uk
)
,
where hβ ∈
◦
h(0) and hβ,±k = hβ ⊗ t
±k. Let δ0 be the corresponding element
of H∗ with respect to K0. θ
′
= −hθ +K0. So K0 = −hθ +K0 + hθ. Then
by Proposition 1.1 of [8] we have Λθ′ ,mv = 0 for all m > λ(θ
′). Similarly
Λθ,mv = 0 for all m > λ(θ) and Λθ′ ,mv 6= 0 for m = λ(θ
′) and Λθ,mv 6= 0 for
m = λ(θ). But as Λδ0,m =
∑
m1+m2=m
Λθ′,m1Λθ,m2 . From above it follows
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that Λδ0,λ(k0) = Λθ′,λ(θ′)Λθ,λ(θ). But as by assumption t
sK0 = 0 on M for
all 0 6= s ∈ Γ. So ΛK0,m = 0 for all m > 0. But as RHS of the above
equation is non-zero, this forces that λ(K0) = 0 which is a contradiction.
So tsK0 acts injectively on M for all 0 6= s ∈ Γ. By Theorem 3.9 we have
tsK0v 6= 0, for any nonzero v ∈ M and ∀s ∈ Γ (for 0 = s ∈ Γ,K0 acts by
non-zero scalar C0) and dimMk = dimMk+s = pk, ∀s ∈ Γ. If {v1, . . . , vpk}
is a basis of Mk then {v1(k + s), . . . , vpk(k + s)} is a basis for Mk+s, where
1
λ
tsK0vi(k) = v(k + s) for all 0 6= s ∈ Γ and t
sK0(v1(k + r), . . . , vpk(k +
r)) = λ(v1(k + r + s), . . . , vpk(k + r + s)), ∀s ∈ Γ, s 6= 0. It follows that
M ∼=
( ⊕
0≤ki<mi
1≤i≤n
Mk
)
⊗ A(m). Let us denote M1 =
⊕
0≤ki<mi
1≤i≤n
Mk and denote
v(0) = v for v ∈ M1. Let t
rK0
λ
v(0) = v(k), r 6= 0, r ∈ Γ. Now (b) follows
trivially. From (b) it follows that t
s
λ
v(r) = v(r + s). Now for fixed i, let
α∨i be a coroot of
◦
h(0). As ΩA(m)/dA(m) acts trivially on M by Proposition
3.8,
◦
h(0) ⊗ A(m) is abelian on M and as D(u, r)α∨i (s) = (u|s)α
∨
i (s + r),
from [15] it follows that either α∨i (s) is zero for all s 6= 0, s ∈ Γ or α
∨
i (s) is
injective for all s 6= 0, s ∈ Γ . But as in previous case using [8] it follows
that α∨i acts trivially when α
∨
i (s) acts trivially for all 0 6= s ∈ Γ. Hence we
can assume that α∨i (s) acts injectively for all s ∈ Γ. Now consider a non-
zero scalar bi ∈ C. Then D(u, r)(α
∨
i (s) − bit
sK0) = (u|s)(α
∨
i (s) − bit
sK0)
for u ∈ Cn, r, s ∈ Γ, r, s 6= 0, (u|r) = 0. Then again by [15] it follows that
α∨i (s) − bit
sK0 is either zero or injective for all s ∈ Γ. Now for 0 6= r ∈ Γ,
consider the nonzero operator t−rK0α
∨
i (r) on M0. Then there exists 0 6=
v ∈M0 such that t
−rK0α
∨
i (r)v = λiv for some 0 6= λi ∈ C. Then operating
trK0 both side we get µC0α
∨
i (r)v = λit
rK0v. Now since µC0 = λ
2 6= 0, we
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get α∨i (r)v −
λi
µC0
trK0v = 0 and so by earliar discussion we have α
∨
i (r)v =
λi
µC0
trK0v =
λiλ
µC0
v(r) = λi
λ
v(r) for all 0 6= r ∈ Γ. Now defining α :
◦
h(0) 7→ C
by α(α∨i ) =
λi
λ
for 1 ≤ i ≤ n, we get the desired result. Similarly (f) follows
as [D(u, s), trd0] = (u|r)t
r+sd0, hence by similar argument as (e), we get the
desired result. 
3.3. Now using (d) of above proposition we identify trK0 with
1
λ
tr for
r ∈ Γ. Hence M1 ⊗ A(m) becomes an irreducible module for the space
L = LT 0 ⊕ Sn(m) ⊕
∑
r∈Γ
Ctrd0 ⊕ A(m). Now we will rewrite LT
0 for our
convenience: for that let g(0) = {X ∈
◦
g | σ0(X) = X, [h,X] = 0, h ∈
◦
h(0)}.
Then g(0) 6= 0 as
◦
h(0) ⊆ g(0) and σi(g(0)) ⊆ g(0). So g(0) preserves Λ-
grading and let g(0) =
⊕
k¯∈Λ
(g(0))k¯ and let L
(
g(0), σ
)
=
⊕
k∈Zn+1
(g(0))k¯ ⊗ t
k
be the corresponding multiloop algebra. Then it is easy to see that LT 0 =
L
(
g(0), σ
)
. Now consider the subspace W of M = M1 ⊗A(m) spanned by
{v(r)− v(0) : v ∈M1, r ∈ Γ}. Then W is module for L
(
g(0), σ
)
⋊ S ′n(m) ⊕
A(m) ⊕
∑
r∈Γ
Ctrd0, where S
′
n(m) = span{D(u, r) − D(u, 0) : u ∈ C
n, r ∈
Γ, (u|r) = 0}. Let us consider V˜ = (M1⊗A(m))/W . By previous argument
M/W is a finite dimensional L
(
g(0), σ
)
⋊ S ′n(m) ⊕ A(m) ⊕
∑
r∈Γ
Ctrd0. As
A(m) ⊕
∑
r∈Γ
Ctrd0 act as scalars on V˜ , we neglect them and consider V˜ as
I := L
(
g(0), σ
)
⋊ S ′n(m)-module. Now define L(V
′) = V ′ ⊗ An, where V
′
is any I module. Let fix γ ∈ P (V ), where V is an integrable irreducible
module for T with finite dimensional weight spaces. Let βi = γ(di) for
1 ≤ i ≤ n, let β = (β1, . . . βn) ∈ C
n. Let µ ∈ Cn be arbitrary. Let V ′ be any
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I-module. Then L(V ′) is a L-module by the following action:
X(k).v ⊗ ts = (X(k)v) ⊗ tk+s;
0 6= r ∈ Γ,D(u, r).(v ⊗ ts) = (I(u, r)v) ⊗ tr+s + (u|s + µ)v ⊗ ts+r;
tl.v ⊗ ts = v ⊗ ts+l;
tld0.v ⊗ t
s = γ(d0).v ⊗ t
t+s
D(u, 0)v ⊗ tl = (u|β)v ⊗ tl
tr
λ
K0.v ⊗ t
l = v ⊗ tr+l, r 6= 0, r ∈ Γ
K0
C0
v ⊗ tl = v ⊗ tl.
where v ∈ V, s, l ∈ Γ, u ∈ Cn, r ∈ Γ with (u|r) = 0.
It is easy to check that L(V ′) is an L-module (see 8.3 of [2]). Now we
take V˜ = M/W . Then by above L(V˜ ) is an L-module. Consider a map
φ˜ : M 7→ L(V˜ ) by φ˜(vk) = v¯k ⊗ t
k, k ∈ Zn, where vk ∈ Mk, v¯k ∈ M/W .
It follows that φ˜ is a non-zero L-module map. Since M is an irreducible
L-module, it follows that φ˜ is injective. In particular φ˜(M) ⊆ L(V˜ ). Let
us define for a fixed p ∈ Λ. L(V˜ )(p¯) = {v¯k ⊗ t
k+r+p, r ∈ Γ, k ∈ Zn}. Then
L(V˜ ) =
⊕
p¯∈Λ L(V˜ )(p¯) Then M
∼= L(V˜ )(0¯). In particular L(V˜ )(0¯) is an
irreducible L-module (see section 8 of [2] for details).
4.
4.1. In order to get hold of M , by previous section, we need to understand
V˜ as I-module. We devote this section for this purpose. Let g(0) = g(0)ss⊕
R, where g(0)ss and R are Levi and radical part of g(0). Then as σi(g(0)ss) =
INTEGRABLE MODULES FOR TWISTED TOROIDAL EXTENDED AFFINE LIE ALGEBRAS19
g(0)ss and σi(R) = R for 1 ≤ i ≤ n, we have L(g(0), σ) = L(g(0)ss, σ) ⊕
L(R,σ). Now we invoke result from [2]
Theorem 4.1. V˜ is completely reducible as I module with isomorphic irre-
ducible components.
Proof. The proof of this theorem is exactly similar to Theorem 8.3 of [2]. 
In the light of above proposition it is enough to consider an irreducible
representation of I. Let (W,pi) be a finite dimensional irreducible representa-
tion of L(g(0), σ)⋊S ′n(m) = I. Let pi(L(g(0), σ)) = g
′′. As pi(I) is reductive
with atmost one dimensional center, there exists a unique compliment g in
pi(I). So W is an irreducible module for g′ ⊕ g′′. Then it is standard that
W ∼=W1 ⊗W2, where W1 and W2 are irreducible modules for g
′ and g′′ re-
spectively. Now we concentrate onW2 as L(g(0), σ) = L(g(0)ss, σ)⊕L(R,σ).
Now as R is solvable ideal, it follows that pi(L(R,σ)) lies in the center of
pi(I) which is atmost one dimensional. Hence L(R,σ) acts as a scalar on
W . In particular V2 is an irreducible module for L(g(0)ss, σ). Now we recall
result from [22] for which we need to introduce some notations: For each
i, 1 ≤ i ≤ n, and a fixed positive integer l, let ai = (ai,1, ai,2, · · · , ai,l) such
that amii,j 6= a
mi
i,t for j 6= t (**). Let g¯ be a finite dimensional semisim-
ple Lie algebra. Let σ1, σ2, · · · , σn be finite order automorphisms on g¯
of order m1,m2, · · ·mn respectively. Let L(g¯, σ) be corresponding mul-
tiloop algebra. Let I = {(i1, i2, . . . , in)|1 ≤ ij ≤ l}. Let for S ∈ I,
S = (i1, i2, . . . , in) and r = (r1, r2, · · · , rn) ∈ Z
n, arS = a
r1
1,i1
ar22,i2 · · · a
rn
n,in
.
Now consider the evaluation map φ : g¯ ⊗ A 7→
⊕
g¯(nl copies), pi(X ⊗
tr) = (arI1(X), a
r
I2
(X)), . . . , arInl(X))), where I1, I2, . . . , Inl is some order on
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I. Consider restriction of φ to L(g¯, σ). We have the following theorem which
follows from [22]:
Theorem 4.2. Let W ′ be a finite dimensional irreducible representation of
L(g¯, σ). Then represention factors though
⊕
g¯(nl copies).
Proof. See [22] Corollary 6.1 and the discussion thereafter. Note that some
factors in
⊕
g¯(nl copies) may act trivially and we discard them. 
From above result it follows that
⊕
g(0)ss ∼= g
′′
ss as both can realised
as the quotient L(g(0)ss, σ)/Ker(pi1). So we have pi(L(g(0), σ) ⋊ S
′
n(m)) =
⊕g(0)ss
⊕
C
⊕
g′′. Now we choose i-th piece of
⊕
g(0)ss and choose projec-
tion of the map pi, say pii onto it, i.e., pii(L(g(0), σ)⋊S
′
n(m)) 7→ g(0)ss. Then
we claim that pii(S
′
n(m)) = {0}. For consider [D(u, r)−D(u, 0),X(k+s)] =
(u|k+ s)X(k+ s+ r)−X(k+ s), where k ∈ Zn, s, r ∈ Γ. Apply pii both side
we get [pii(D(u, r)−D(u, 0)), a
k+s
Ii
X] = (u|k+s)ak+sIi (X)(a
r
Ii
−1). Now can-
celling ak+sIi both side we get [pii(D(u, r)−D(u, 0)),X] = (u|k+s)(a
r
Ii
−1)(X).
Now as LHS is independent of s, this forces that pii(D(u, r) − D(u, 0)) =
0. We deduce that arIi = 1 for all r ∈ Γ. From this it follows that
pii(X(k + s) − X(k)) = 0. As these equations take place in semisimple
Lie algebra which has no center, hence the claim follows. Now in view of
condition (**) we see that the representation of L(g(0)ss, σ) factors through
only one copy of L(g(0)ss, i.e., g(0)ss ∼= g
′
ss.
4.2. Now we turn our attention towards finite dimensional irreducible mod-
ules for S ′n. For clarity we once again recall the notations: An = A =
C[t±11 , · · · , t
±1
n ], and Sn = {D(u, r) : u ∈ C
n, r ∈ Zn, (u|r) = 0}, where
D(u, r) =
∑n
i=1 uit
rti
d
dti
, where u = (u1, . . . , un) ∈ C
n and r = (r1, . . . , rn) ∈
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Z
n and S ′n = span{D(u, r)−D(u, 0)|u ∈ C
n, r ∈ Zn, (u|r) = 0}. Then S ′n is
a Lie algebra with brackets: [I(v, s), I(u, r)] = (u, s)I(v, s) − (v, r)I(u, r) +
I(w, r + s) where w = (v, r)u − (u, s)v, v, u ∈ Cn, r, s ∈ Zn and I(u, r) =
D(u, r)−D(u, 0). Now consider the Lie algebra Sn ⋉A. Our aim is try to
understand the relation between finite dimensional S ′n module and modules
with Sn ⋉ A with finite dimensional weight spaces. For Sn ⋉ A, the sub-
algebra {di = ti
d
dt
: 1 ≤ i ≤ n} plays the role of a Cartan subalgebra. A
module for Sn⋉A we mean A action is associative. In particular t
0 = 1 acts
as identity. The action of tr is invertible for r ∈ Zn. We recall a Theorem
of [5]. Let V˜ be an irreducible module for Sn ⊗ A with finite dimensional
weight spaces. Let W ′ be an sln module and extend to gln by letting I act
trivially. Let Eab be generators for gln. Let I =
∑n
i=1Eaa. Note: Suppose
I(v, s) is replaced by I(v, s) + (v, γ) for some γ ∈ Cn. Then these elements
also satisfy above bracket. We make the following observations:
(1) Suppose W is a finite dimensional module for S ′n. Then (piα,β,W ⊗
A = L(W )) is a Sn ⋉A module in the following way:
for r 6= 0,D(u, r)(w ⊗ tk) = (I(u, r)w) ⊗ tr+k + (u|β + k)w ⊗ tr+k ;
D(u, 0)(w ⊗ tk) = (u|α+ k)w ⊗ tk.
(2) Suppose V =
⊕
k∈Zn Vα+k is an weight module for Sn⋉A such that
D(u, 0)(w ⊗ tk) = (u|α + k)w ⊗ tk, v ∈ Vα+k. Put t
rVα = Vα+r.
Then V = Vα ⊗ A. D(u, 0)v ⊗ t
k = (u|α + k)v ⊗ tk, v ∈ Vα. Let
W = {v⊗tk−v(0)|v ∈ Vα}. It can be checked to be S
′
n-module. Now
consider a S ′n-module V =
Vα⊗A
W
. Let us denote it by (θ, V ). Define
(θγ , V ) S
′
n-module (θγI(u, r))v = (θ(I(u, r))v + (u, γ)v for γ ∈ C
n.
Thus θ0 = θ.
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The following can be checked:
(a) Suppose (θ,W ) is a S ′n-module., where W is finite dimensional.
Let (piα,β, L(W )) is a Sn ⋉ A-module. Then (θα−β , L(W )) ∼=
(θ,W ) as S ′n-module.
(b) Suppose (pi,W ⊗ A) is Sn ⋉ A-module with dimW < ∞ with
D(u, 0)v(k) = (u|α + k)v(k). Let (θµ,W ⊗A) be S
′
n - module.
Then (piα,α−µ, L(W ⊗A)) ∼= (pi,W ⊗A) as Sn ⋉A-module.
The following are easy to prove:
Lemma 4.3. Suppose (θ,W ) is a finite dimensional irreducible S ′n- module.
Then (piα,β, L(W )) is an irreducible Sn ⋉A-module.
Lemma 4.4. Suppose (pi,L(W ) is an irreducible Sn ⋉A- module with dim
W < ∞. Then (θr, L(W )) is an irreducible finite dimensional module for
S ′n
Theorem 4.5. Let W be finite dimensional irreducible module for sln and
extend it to gln by letting I trivially. Let Eij be generators of gln. Then
W can be made into S′n-module by the action: I(u, r)w =
∑
i,j uirjEjiw +
(u, γ)w, where γ ∈ Cn.
Then W is irreducible as S ′n-module, as (piα,β, L(W )) is an ireducible
Sn ⋉ A for any α, β ∈ C
n . We will now recall a result from [5] where
they have classified irreductible Sn ⋉ A modules with finite dimensional
weight spaces. Using this it follows that all irreducible finite dimensional
S′n-modules occur as in Theorem 4.5 .
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Theorem 4.6. Suppose W is a finite dimensional irreducible sln-module
(extend W to gln trivially as before). Let α, β ∈ C
n. Consider W ⊗ A and
the action D(u, r)(w ⊗ tk) = (u, k + β)w ⊗ tk+r +
∑
i,j uirjEjiw ⊗ t
k+r, for
r 6= 0 and D(u, 0)(w ⊗ tk) = (u, α + k)w ⊗ tk and tr(w ⊗ tk) = w ⊗ tk+r.
And all irreducible representations of Sn⋉A module with finite dimensional
weight spaces occur in this way.
We summerise the results of this section. We have proved that pi(S′n) ⊇ g
′
and g′ = sln(C). So pi(L˜) = sln(C)⊕
◦
gss⊕Cc. Now take a finite dimensional
irreducible module for sln(C). Note that
◦
gss is Λ-graded. Let W2 be finite
dimensional Λ-graded irreducible module for
◦
gss such that it is compatible
with respect to Λ- grading of
◦
gss (in reality the gradation is given by the
quotient of Λ but we assume it is Λ-graded to avoid additional notations;
see section 8 of [2]). Recall that V˜ =
⊕
Mi, where all Mi ’s are isomorphic
as L˜-modules. Each Mi is isomorphic to V
′⊗ V ′′ as sln ⊕
◦
gss module. Then
V˜ = V ′ ⊗
∑
V ”.
5. Description of modules for T
Recall that T 0 = L(
◦
g(0), σ)⊕Z0⊕S0n+1(m0,m), where Z
0 =
⊕
0≤i≤n,s∈Γ
CtsKi
and S0n+1(m0,m) is identified with Sn(m) ⊕
∑
r∈Γ
Ctrd0.Now let, W1 and W2
be irreducible modules for sln extended trivially to gln and g(0) respectively
with W2 being Λ-graded which is compatible with Λ-gradation of g(0). De-
fine T 0 action on W1 ⊗W2 ⊗An as follows: For α, β ∈ C
n, r 6= 0, r ∈ Γ, γ ∈
◦
h(0)∗,ΛinH∗ and λ ∈
◦
h(0)∗ such that Λ|◦
h(0)
= λ,
D(u, r)(w1⊗w2⊗t
k) = (u, k+β)w1⊗w2⊗t
k+r+(
∑
i,j uirjEjiw1)⊗w2⊗t
k+r.
For r = 0, D(u, 0)(w1 ⊗ w2 ⊗ t
k) = (u, k + α)w1 ⊗ w2 ⊗ t
k.
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X ∈
◦
gss,k¯, X ⊗ t
k(w1 ⊗w2 ⊗ t
l) = w1 ⊗Xw2 ⊗ t
k+l, k, l ∈ Zn.
r 6= 0, r ∈ Γ, 1
λ
trK0(w1 ⊗ w2 ⊗ t
l) = w1 ⊗ w2 ⊗ t
k+l;
K0(w1 ⊗ w2 ⊗ t
k) = C0(w1 ⊗ w2 ⊗ t
k).
For r ∈ Γ, r 6= 0, d0 ⊗ t
r(w1 ⊗w2 ⊗ t
l) = Λd(w1 ⊗w2 ⊗ t
l+r), where Λd ∈ C;
r = 0, d0(w1 ⊗ w2 ⊗ t
l) = Λ(d0)w1 ⊗ w2 ⊗ t
l.
r 6= 0, h ∈ h(0), h⊗tr(w1⊗w2⊗t
l) = γ(h)(w1⊗w2⊗t
l+r), r = 0, h(w1⊗w2⊗
tl) = λ(h)w1 ⊗ w2 ⊗ t
l; λ(h) = 0 iff γ(h) = 0. Now take a one dimensional
representation of L(R,σ) say ψ. Then L(R,σ) acts as a ψ. More precisely
for y ⊗ tk, y ∈ Rk¯, Then y ⊗ t
k(w1 ⊗ w2 ⊗ t
l) = ψ(y)(w1 ⊗ w2 ⊗ t
k+l). One
can check that W1 ⊗ W2 ⊗ An is g(0) ⊗ An ⊕ Z
0 ⊕ S0n+1(m0,m). It has
T 0- module structure by considering Λ gradation of W2 =
⊕
k¯∈Λ
W2,k¯ which
is compatible with Λ-gradation of g(0). Then it follows that the submodule
M ′ =
⊕
k∈Zn
W1 ⊗W2,k¯ ⊗ t
k is an irreducible module for T 0. Consider the in-
duced moduleM = IndT 0⊕T +M
′, with T + acting trivially onM ′. LetMrad
be the unique maximal submodule of M. Then M/Mrad is an ireducible
module for T . We have the following:
Theorem 5.1. Let V be an irreducible integrable T module with finite di-
mensional weight spaces, with K0 acting as C0 ∈ Z>0 and rest of Ki’s act
trivially for 1 ≤ i ≤ n. Then V ∼=M/Mrad.
Remark 5.2. Using Λ-gradation on V˜ one can define Λ-gradation on L(V˜ ).
In case if V˜ is irreducible as I-module, then it follows thatM is isomorphic as
T 0-module to the zeroth graded piece of L(V˜ ) with respect to Λ-gradation.
When V˜ is reducible as I-module, inclusion of M in L(V˜ ) is more complex.
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Infact there are several copies of M inside L(V˜ ). See Section 8 of [2] for
more details.
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